Abstract. In this paper we establish the existence of at least three weak solutions for Neumann doubly eigenvalue elliptic systems driven by a  (p 1 , . . . , p n )-Laplacian. Our main tool is a recent three critical points theorem of B. Ricceri.
Introduction
Here and in the sequel, Ω ⊂ R N (N ≥ 1) is a non-empty bounded open set with a boundary ∂Ω of class C 1 , p i ≥ 2 and a i ∈ L ∞ (Ω) with ess inf Ω a i > 0 for 1 ≤ i ≤ n.
In this paper we are interested in multiplicity results for the following Neumann elliptic system n → R is a function such that F (·, t 1 , . . . , t n ) is continuous in Ω for all (t 1 , . . . , t n ) ∈ R n and F (x, ·, . . . , ·) is C 1 in R n for almost every x ∈ Ω, G : Ω × R n → R is a function such that G(·, t 1 , . . . , t n ) is measurable in Ω for all (t 1 , . . . , t n ) ∈ R n and G(x, ·, . . . , ·) is C 1 in R n for almost every x ∈ Ω, F ui and G ui denotes the partial derivative of F and G with respect to u i , respectively, and υ is the outward unit normal to ∂Ω. A weak solution of (1) is any u = (u 1 , u 2 , . . . ,
G ui (x, u 1 (x), . . . , u n (x))v i (x)dx = 0 for every (v 1 , v 2 , . . . , v n ) ∈ W 1,p1 (Ω) × W 1,p2 (Ω) × · · · × W 1,pn (Ω). In the literature many papers [5, 10, 12-14, 16, 17, 22, 23] discuss quasilinear elliptic systems. For example in [12] the authors studied a class of quasilinear elliptic systems involving the p-Laplacian operator where the right hand side is closely related to the critical Sobolev exponent and they proved the existence of at least one nontrivial solution under suitable assumptions on the nonlinearities. In [10] , Y. Bozhkova and E. Mitidieri using the fibering method, introduced by Pohozaer, established the existence of multiple solutions for a Dirichlet problem associated with a quasilinear system involving (p, q)-Laplacian operators. In [16] , A. Kristály using an abstract critical point result of B. Ricceri established the existence of an interval Λ ⊆ [0, +∞[ such that for each λ ∈ Λ the quasilinear elliptic system
in Ω,
where Ω is a strip-like domain and λ > 0 is a parameter, has at least two distinct nontrivial solutions. In [23] , the authors studied the Nehari manifold for a class of quasilinear elliptic systems involving a pair of (p, q)-Laplacian operators and a parameter, and proved the existence of a nonnegative solution for the system by discussing properties of the Nehari manifold, and they obtained global bifurcation results. We also refer the reader to [1, 2, 4, 6-9, 11, 17-19] where the three critical points theorem of B. Ricceri [20] is used. Chun Li and Chun-Lei Tang in [17] established the existence of an interval Λ ⊆ [0, +∞[ and a positive real number ρ such that for each λ ∈ Λ problem (2) admits at least three weak solutions whose norms in W 
In [8] , G. Bonanno and P. Candito using Ricceri's three critical points theorem, proved the existence of an interval Λ ⊆ [0, +∞[ and a positive real number q such that for each λ ∈ Λ the problem
where Ω ⊂ R N (N ≥ 1) is a nonempty bounded open set with a boundary ∂Ω of class C 1 , a ∈ L ∞ (Ω) with ess inf Ω a > 0, p > N , λ > 0 and f : Ω × R → R is a continuous function, admits at least three weak solutions whose norms in W 1,p (Ω) are less than q. Finally, B. Ricceri in [21] extended and revisited the three critical point theorem he obtained in [20] , and in [15] the results were used to study the problem
where
Preliminaries
First we recall the three critical points theorem [21] . 
has at least three solutions in X whose norms are less than q.
In the proof of our main result we use the next result to verify the minimax inequality in Theorem 1.
Proposition 1 ( [Bonanno, 7] ). Let X be a non-empty set and Φ, J two real functions on X. Assume that Φ(x) ≥ 0 for every x ∈ X and there exists
. Then, for every ν > 1 and for every ρ ∈ R satisfying
.
In order to apply Theorem 1 to our problem, let X be the Cartesian product of the n Sobolev spaces
Since p i > N for 1 ≤ i ≤ n, one has c < +∞. It follows from Proposition 4.1 of [3] that
where ||a i || 1 = Ω |a i (x)|dx for 1 ≤ i ≤ n, and so
is the Lebesgue measure of the set Ω, and equality occurs when Ω is a ball.
Main results
We state our main result:
Assume that there exist a positive constant r and a function u
uniformly with respect to x ∈ Ω and satisfying
Then, there exist a non-empty open interval A ⊆]0, rη] and a positive real number q with the following property: for every λ ∈ Λ and an arbitrary function
admits at least three weak solutions in X whose norms are less than q.
Let us first give a consequence of Theorem 2 for a fixed test function u * . 
uniformly with respect to x ∈ Ω and
Then, there exist a non-empty open interval
] and a positive real number q with the following property: for every λ ∈ Λ and an arbitrary function
1) admits at least three weak solutions in X whose norms are less than q.
. Now since θ i < τ , bearing in mind that
Example 1. Consider the problem
for each (x, y) ∈ Ω and (u 1 , u 2 , u 3 ) ∈ R 3 . We see that
and so We now point out a special situation of Corollary 1, in which the function F has separated variables.
Corollary 2. Let f be a continuous function in Ω andf
Assume that there exist n + 2 positive constants θ i , τ and η for 1 ≤ i ≤ n with
Then, there exist a non-empty open interval
] and a positive real number q with the following property: for every λ ∈ Λ and an arbitrary function G : Ω × R n → R measurable in Ω for all (t 1 , . . . , t n ) ∈ R n and C 1 in R n for almost every x ∈ Ω, there is δ > 0 such that, for each µ ∈ [0, δ] problem
. . .
Proof. Set
for each (x, u 1 , . . . , u n ) ∈ Ω × R n , and note that
and from (j 5 ) and (j 6 ), it is easy to verify that all the assumptions of Corollary 1 are satisfied. Hence, the proof is complete.
Corollary 3. Let F : R n → R be a C 1 function and assume that there exist n + 2 positive constants θ i , τ and η for 1 ≤ i ≤ n with
where 
admits at least three solutions in X whose norms are less than q.
We now look at a consequence of Corollary 3 in the ordinary case p i = 2 for 1 ≤ i ≤ n. For simplicity, we fix Ω = (0, 1). Note in this situation we have c = 2 max{||a i || 
] and a positive real number q with the following property: for every λ ∈ Λ and an arbitrary C
∂υ (1) = 0 for 1 ≤ i ≤ n admits at least three weak solutions in X whose norms are less than q.
Existence results in the case n = 1
Consider the following Neumann elliptic problem
Corresponding to f and g we introduce the functions F : Ω × R → R and G : Ω × R → R, respectively as follows
Since p > N, one has k < +∞. It follows from Proposition 4.1 of [3] that
, where
Now, we present the following result as an application of Corollary 1. Note that F (x, 0) = 0 for all x ∈ Ω. 
Then, there exist a non-empty open interval
( θ k ) 2 b a F (x, τ )dx τ 2 ||a|| 1 − b a max t∈[−θ, θ] F (x, t)dx > 1 η .
and a positive real number q with the following property: for every λ ∈ Λ and an arbitrary
Proof of Theorem 1
We introduce the functionals Φ, J : X → R for each u ∈ X, as follows (11) Φ
Note Φ is bounded on each bounded subset of X, it is continuously differentiable and sequentially weakly lower semicontinuous functional, its differential admits a continuous inverse on X * and since p i > N for 1 ≤ i ≤ n, J is a continuously differentiable functional with compact derivative. In particular, for each u
and
Furthermore from (j 2 ) there exist two constants α, β ∈ R with 0 < α <
for a.e. x ∈ Ω.
Then, for any fixed
sup (11), (12) and (13), we have
and so lim
To check the other assumption in Theorem 1 we use Proposition 1. From (j 1 ) and (11) we obtain (κ 1 ). Moreover, from (14) we have
for each u = (u 1 , . . . , u n ) ∈ X, and so for each r > 0
and we obtain (see (14) It is well known that Ψ is a continuously differentiable functional whose differential Ψ (u) ∈ X * , at u ∈ X is given by u 1 (x) , . . . , u n (x))v i (x)dx for every (v 1 , . . . , v n ) ∈ X, such that Ψ : X → X * is a compact operator. Now, all the assumptions of Theorem 1, are satisfied. Hence, applying Theorem 1, and taking into account that the critical points of the functional Φ + λJ + µΨ are exactly the weak solutions of the problem (1), we have the conclusion. 
